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1. INTRODUCTION
 Let  be a set of primes, and let G be a -separable group. In 2 ,
Ž .Isaacs has canonically defined a set B G of ordinary irreducible charac- 
Ž .ters of G such that the restrictions of elements in B G to the set of 
 -elements of G behave as -analogs for irreducible Brauer characters.
In fact, if  consists of a single prime p, then these restrictions are exactly
the irreducible Brauer characters of G.
Using Isaacs’ theory, Slattery defined -blocks for -separable groups in
precisely the same way that Brauer defined p-blocks. He then defined
-analogs of defect groups and block induction and was able to prove
-versions of some important theorems in the ordinary p-block theory,
Ž  .including Brauer’s three main theorems see 5, 6 .
Now, let NG, and let  be a  -special character of N. As usual, we
Ž  .denote by Irr G  the set of all irreducible characters of G lying over 
Ž .and by I  the inertia group of  in G. Following Slattery’s manner inG
 defining his -blocks, we introduced in 4 the concept of ‘‘relative -
Ž . Ž  .blocks’’ of G with respect to N,  . These are subsets of Irr G  which
behave like -blocks and coincide with them when  is the trivial charac-
² :  ter of 1 . The main result of 4 establishes a nice correspondenceG
between these relative -blocks and certain -blocks of a central extension
Ž . Ž  .of the quotient group I  N by a  -subgroup see 4, Theorem 3.1 .G
This correspondence allows us to prove results about relative -blocks by
translating known results about -blocks.
We continue to assume that N is a normal subgroup of G, but now we
Ž .replace  by any character in B N . In this paper, we extend the concept 
Žof relative -blocks to this general situation. The main result Theorem
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.3.1 of Section 3 is a generalization of the above mentioned result. In
Section 4, we extend the concept of defect groups of relative -blocks as
 defined in 4 and generalize most of the results of Section 4 in that paper.
Among the results we present in this section is a generalization of 4,
 ŽTheorem 4.4 and a proof of a version of Brauer’s height-0 conjecture see
.Theorem 4.9 .
2. SOME -THEORY AND NOTATION
In this section we give a brief review of some of the basic concepts of
the -character theory of -separable groups needed for the present
paper.
We fix throughout this paper a set of primes  , and we denote by   the
complementary set of primes. We assume throughout that G is a -sep-
arable group and we write  0 to denote the restriction of a class function
 of G to the set G0 of  -elements of G. In the case  is a character,
 0 is said to be a  -partial character of G. Let
0  0 0I G    Irr G ,  cannot be written    Ž . Ž . 
for  -partial characters  ,  of G .4
Ž .It turns out that I G is a basis for the complex vector space of all 
0  class functions defined on G . This was done in 2 by defining in a
Ž . Ž .canonical way a subset B G 	 Irr G with the property that the restric- 
0 Ž . Ž .tion map   is a bijection of B G onto I G . In that paper,   
Ž . Ž .Isaacs canonically constructed for each  Irr G a pair W,  , where
Ž . GW	G,  Irr W is -factorable, and    . This pair, called the
‘‘nucleus’’ for  , is uniquely determined up to G-conjugacy by  . The set
Ž . Ž . Ž .B G is precisely the set of those 	 Irr G having a nucleus W,  
such that  is  -special.
Ž .For  Irr G , there are uniquely determined nonnegative integers d	
called ‘‘decomposition numbers’’ such that  0Ý d 	 0, where 	 runs	 	
Ž . Ž .0through B G . We may also use the notation d for d . Now, if 
 is  	 	
Ž . 0 0a possibly reducible character of G, it follows that 
 Ý k 	 , where	 	
Ž .	 B G and each k is a uniquely defined nonnegative integer. We  	
Ž 0. 0 Ž .call ‘‘ -constituents’’ of 
 or of 
 those 	  I G satisfying k  0.  	
If H is any subgroup of G, and  is a  -partial character of G, then it
Ž .is clear that the restriction  is a  -partial character of H. If  I HH  
Ž  .is a  -constituent of  , we say that  lies over  and we write I G H  
Ž .for the set of all  I G lying over . 
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We continue to assume that H is a subgroup of G, and we take a
 -partial character  of H. We can define  G by using the usual formula
for induced characters but applying it only to  -elements. If  is a
0 G Ž 0.G Ž G .0character of H such that    , then obviously      and
so  G is a  -partial character of G.
Ž .Now, let 	 B G . If L is a Hall  -subgroup of G, then 	 has an  L
Ž . Ž .  Ž .irreducible constituent  with  1  	 1 2, Theorem 8.1 b . Each 
Žsuch character  is called a ‘‘Fong character’’ associated with 	 or with
0. Ž   .	 . See 2, Definition 8.6 .
3. RELATIVE -BLOCKS
Ž .  Let NG and let  B N . Following 4 , we say that the charac- 
Ž  . Ž .ters  ,   Irr G  are linked if we can find  B G such that 
 d  0 and d  0. As in 4 , the equivalence classes defined by the  
transitive extension of this linking are called relatie -blocks of G with
Ž .respect to N,  , and the set of all these relative -blocks is denoted by
Ž  .  Bl G  . This definition of relative -blocks clearly extends that of 4 .
One feature that makes the present concept more interesting than the old
Ž .one is that every 	 B G lies in some relative -block of G with 
Ž . Ž . respect to N,  for an appropriate  B N . Indeed, by 2, Corollary 
 Ž .7.5 , 	 lies over some character  B N and so 	 belongs to some 
Ž  .B Bl G  .
The main result of this section is the following theorem which is the
  Ž .generalization of Theorem 3.1 of 4 to the situation where  B N . 
Ž .3.1 THEOREM. Let N be a normal subgroup of a -separable group G
Ž . Ž .and let  B N with T I  . Then, there exist a central extension U  G
of T TN by a  -subgroup Z of U, a linear character  of Z, and
Ž  . Ž  . 0 Ž  0. Ž  .bijections  of Irr G  onto Irr U  and  of I G  onto I U    
such that the following statements hold:
Ž . Ž  . Ž  0.a For any  Irr G  and any  I G  , we hae d   
d 0 .Ž  . Ž .
Ž . Ž . Ž  .b The correspondence B  B is a bijection of Bl G  onto
Ž .the set of Slattery -blocks of U oer  .
 Theorem 3.1 is a consequence of 4, Theorem 3.1 and the following
result.
Ž . Ž . Ž .3.2 THEOREM. Let NG and  B N with T I  . Let  G
Ž . ŽŽ .. Ž .W,  be a nucleus for  and write SN W,  , the stabilizer of W, T
in T. Then, the following statements hold.
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Ž . G Ž  .a The correspondence 
 
 defines a bijection of Irr S  onto
Ž  .Irr G  .
Ž . G Ž  0.b The correspondence   defines a bijection of I S  onto 
Ž  0.I G  . 
Ž . Ž  . Ž  0. G Gc For any 
 Irr S  and any  I S  , we hae d  d .  
 
 
˜ GŽ . Ž   4.d The correspondence BB  
 
B is a bijection of
Ž  . Ž  .Bl S  onto Bl G  . 
Ž . 0 Ž . Ž .Note that in b ,   I W as  , being  -special, lies in B W .   
In order to prove Theorem 3.2, we need some preliminary results. The
first three lemmas are, in their order of succession, the respective general-
 izations to our present situation of Lemmas 3.2, 3.3, and 3.4 of 4 . The
 proofs of Lemmas 3.23.4 in 4 can be repeated here without any
modifications and so we may safely omit the proofs of the corresponding
generalizations.
Ž . Ž . Ž  .3.3 LEMMA. Let NG, and let  B N . Then, for  Irr G  , 
Ž . Ž  .if  B G is such that d  0 we hae  Irr G  .  
Ž . Ž . Ž .3.4 LEMMA. Let NG and let  B N with T I  . Let  G
Ž  . Irr G  and let  be the unique irreducible character of T lying oer 
G  4such that    . If  , . . . ,  is the set of distinct  -constituents of  ,1 r
 G G4then  , . . . ,  is the set of distinct  -constituents of  . Furthermore,1 r
the multiplicity of  as a constituent of  0 is equal to that of  G as ai i
constituent of  0.
Ž . Ž . Ž .3.5 LEMMA. Let NG and let  B N with T I  . Then,  G
Ž  . Ž  .there is a bijection of Bl T  onto Bl G  gien by inducing the 
Ž .characters. That is, a relatie -block B of T with respect to N, 0
 G  4 Ž .corresponds to the relatie -block 
 
B of G with respect to N,  .0
Ž . Ž . Ž .3.6 LEMMA. Let NG and let  Irr N be G-inariant. Let W, 
ŽŽ .. Ž .be a nucleus for  and write SN W,  , the stabilizer of W,  in G.G
Then, the following statements hold for K , L with N	 L	 K	G.
Ž .a GNS and N
 SW. Moreoer, if  denotes the natural
Ž . Ž .isomorphism of GN onto SW, we hae  KN  K
 S W and
Ž .N K
 S  K.
Ž . Ž  . Ž  .b Induction defines a bijection of Irr K
 S  onto Irr K  .
Ž . Ž  . Ž  .c For 
  Irr K 
 S  and   Irr L 
 S  , we hae
Ž K . L   
 ,   
 ,  .L L
 S
Ž . Ž .Proof. a Let gG. Since G stabilizes N,  , it results from the
Ž g g .definition of nuclei that W ,  is also a nucleus for . However, as any
nucleus for  is uniquely determined up to N-conjugacy, we obtain
Ž g g . Ž n n.W ,   W ,  for some nN. Therefore, gNS and so GNS.
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Next, we show that N
 SW. Since WN
 S	N and   N,
N
 S  Ž . Ž .1the character   is irreducible and    1  1  . Now, weW
have
 1Ž .
 N
 S   ,   ,   1.W 1Ž .
So   and it follows that N
 SW.
Ž . 1The isomorphism  clearly maps KN to K
 S W, and  maps
Ž . Ž . Ž .K
 S W to N K
 S N. It follows that N K
 S  K , as claimed.
Ž .   Ž . Ž .b This follows from 2, Corollary 4.3 , since KN K
 S by a
and   N.
Ž . Ž . Ž .c Since KN K
 S  L K
 S , we have
L LK L L L L
 ,   
 ,   
 ,   
 ,  .Ž . Ž . Ž . Ž .L K
 S
 L L
 S L
 S L
S
  Ž L.By 2, Lemma 4.1 ,  is the unique irreducible constituent of  L
 S
that lies over  . Now, since every irreducible constituent of 
 lies overL
 S
 Ž L.    Ž K . L  , it follows that 
 ,   
 ,  . So, we obtain 
 , L
 S L
 S L
 S L
  
 ,  , as desired.L
 S
Ž . Ž . Ž .3.7 LEMMA. Let NG and let  B N be G-inariant. Let W,  
ŽŽ ..be a nucleus for  and put SN W,  . The following then hold.G
Ž . Ž .a For any possibly reducible characters  and  of G such that1 2
Ž . Ž . 0 0 Ž . Ž . and  are multiples of , if    then    ,1 N 2 N 1 2 1 HN 2 HN
where H is any Hall  -subgroup of G.
Ž . Ž  0.  4  4b If I G    , . . . ,  , then, for each i 1, . . . , s , there  1 s
Ž  0. Gexists   I S  such that    and    if i  j. Furthermore,i   i i i j
Ž  . G Ž  . Ž G .0for any 
  Irr S  , the character 
  Irr G  , 
  m 1 1
 m  , where each m is a nonnegatie integer and 
 0m s s i 1 1
 m  .s s
Proof. Fix a Hall  -subgroup H of G.
Ž . Ž . Ž .a First, we note that since  and  are multiples of , the1 N 2 N
Ž . Ž . Ž  .restrictions  and  only involve elements of Irr HN  . Now,1 HN 2 HN
Ž . Ž .write   a   a  and   b   b  , where1 HN 1 1 r r 2 HN 1 1 r r
Ž  .  4Irr HN    , . . . ,  and a , b are nonnegative integers for 1 i r.1 r i i
Ž . Since NHN and HNN is a  -group, every   B HN by 2,i  
 Ž .Theorem 7.1 . Let   Irr H be a Fong character associated with  .i i
 Ž . Ž .  Ž . Then by 2, Theorem 8.1 c it follows that  ,   a and  , 1 H i i 2 H i
Ž . Ž . b . However, we have    , by assumption. Hence, a  b fori 1 H 2 H i i
Ž . Ž .each i and    , as claimed.1 HN 2 HN
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Ž .  4 Ž . 0b For i 1, . . . , s , there exists 	  B G such that 	   . Byi   i i
  Ž . Ž .2, Corollary 7.5 , the irreducible constituents of 	 are all in B N .i N  
0 Ž .Since  lies over  , it follows that 	 lies over . By Lemma 3.6 b , therei i
Ž  . G 0is a unique character   Irr S  such that   	 . Set    . Now,i i i i i
G Ž 0.G Ž G .0 Ž . Ž .we have        . Therefore,   I S as   I G ,i i i i i   i  
Ž  0.and    if j  i. Moreover, since  lies over  , we have   I S  .i j i i  
Ž  . G Ž  . Ž .Next, let 
 Irr S  . Then we have 
  Irr G  by Lemma 3.6 b .
Ž G .0 0By Lemma 3.3, we may write 
  m   m   m 	1 1 s s 1 1
0 Ž . m 	 , where each m is a nonnegative integer. Now, a says thats s i
Ž G . Ž .
  m 	  m 	 .HN 1 1 s s HN
Ž  .Set MHN
 S, and let  be any character in Irr M  . Then, again
Ž . HN Ž  .by Lemma 3.6 b , the character    Irr HN  . Furthermore, by
Ž . Ž G .    Ž . Part c of Lemma 3.6, we have 
 ,   
 ,  and 	 ,  HN M i HN
Ž .  ,  for each i. However, asi M
G
 ,  m 	 ,   m 	 ,  ,Ž . Ž . Ž .HN 1 1 s sHN HN
we obtain
 
 ,  m  ,   m  ,  .Ž . Ž .M 1 1 s sM M
Ž . Ž .Since all irreducible constituents of  , . . . ,  and 
 lie over  ,1 M s M M
Ž . Ž .it follows that 
 m   m  .M 1 1 M s s M
Ž .                By Lemma 3.6 a , G N  S W and HN N  M W . There-
   fore, G : HN  S : M , and since H is a Hall  -subgroup of G, the
subgroup M must contain a Hall  -subgroup K of S. So, now we get
Ž . Ž . 0 0 0
 m   m  and consequently 
 m   m K 1 1 K s s K 1 1 s s
m   m  . This finishes the proof of the lemma.1 1 s s
Now, we have
Ž . Ž .3.8 PROPOSITION. Let NG and let  B N be G-inariant. Let 
Ž . ŽŽ ..W,  be a nucleus for  and write SN W,  . Then, the followingG
hold.
Ž . G Ž  .a The correspondence 
 
 defines a bijection of Irr S  onto
Ž  .Irr G  .
Ž . G Ž  0.b The correspondence   defines a bijection of I S  onto 
Ž  0.I G  . 
Ž . Ž  . Ž  0. G Gc For any 
 Irr S  and any  I S  , we hae d  d .  
 
 
ˆ GŽ . Ž   4.d The correspondence BB  
 
B is a bijection of
Ž  . Ž  .Bl S  onto Bl G  . 
Ž . Ž .Proof. a This follows from Lemma 3.6 b .
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Ž . Ž  0. Ž .b Let  I S  . Then, there exists  B S such that    
0 Ž .  . Since the irreducible constituents of  are all in B W 2, CorollaryW  
 0 07.5 and  lies over  , it follows that  lies over  . Now, as   
Ž  0. Ž . G Ž 0.G Ž G .0I S  , we conclude by Lemma 3.7 b that       
Ž  0. Ž  0.I G  . This shows that induction is a well-defined map from I S    
Ž  0.to I G  . 
Ž  0. G GNext, let  ,   I S  with    . Then, there exist  ,  1 2   1 2 1 2
Ž . Ž  . 0 0B S 
 Irr S  such that    and    . Now, we have  1 1 2 2
0 G G 0G 0 G G 0 G           .Ž . Ž . Ž . Ž .1 1 1 2 2 2
Ž  0. G Ž  0.Since   I S  , we note that   I G  by the above discus-1   1  
Ž . 0 0sion. It follows by Lemma 3.7 b that    and hence    . This1 2 1 2
says that our map is injective.
Ž .Now, to complete the proof of b , it remains to show that our induction
map is surjective.
Ž  0. Ž . Ž  .Let then  I G  . So we can find 	 B G 
 Irr G  such   
0 Ž . Ž  . Gthat 	   and, by a , there exists  Irr S  with   	 . As
Ž 0.G Ž G .0 0 0 Ž  0.    	   , we conclude that   I S  . This proves 
0 Ž .that  has  as a preimage. The proof of b is now complete.
Ž . Ž  . Ž  0. G Ž  0.c Let 
 Irr S  and  I S  . Then   I G  by   
Ž . Ž . Ž .b . Since the induction map of b is injective, it follows by Lemma 3.7 b
that d G G  d .
  

Ž . Ž  . Ž .d Let B Bl S  . If 
 , 
 B are linked by  I S , then 1 2  
Ž  0. Ž . G Gby Lemma 3.3  I S  , and so by c 
 and 
 are linked by  1 2
G ˆŽ .  I G . Hence, B is a subset of some relative -block B of G with 
ˆŽ .respect to N,  . Next, we prove that BB.
ˆAssume, on the contrary, that B  B. Then, we can choose 
 , 
 0
G G GˆŽ  .Irr S  such that 
B, 
 B B, and 
 , 
 are linked by some0 0
Ž . Ž  0. Ž . I G . By Lemma 3.3, we have  I G  and by c it follows   
Ž  0. Gthat 
 , 
 are linked by the element  I S  such that    . But0  
ˆthen 
 B and this contradicts our choice. Therefore, we have BB,0
ˆnecessarily. So, the correspondence BB is a well-defined map from
Ž  . Ž  .Bl S  to Bl G  . This map is clearly injective and we shall show next 
that it is surjective.
˜ ˜ GŽ  .Let B Bl G  and let  be any character in B. Then,   for
Ž  . Ž  .some  Irr S  , and the relative -block B Bl S  that contains
˜ has B as its image under our correspondence. This proves that our map
Ž .is onto, thus finishing the proof of d .
We may now prove Theorem 3.2.
Ž . Ž . TProof of Theorem 3.2. a By Proposition 3.8 a , the map 
 
 is a
Ž  . Ž  .  bijection of Irr S  onto Irr T  , and by 1, Theorem 6.11 the map
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G Ž  . Ž  .	 	 is a bijection of Irr T  onto Irr G  . Hence, the correspon-
G Ž  . Ž  .dence 
 
 is a bijection of Irr S  onto Irr G  .
Ž . Ž 0.b First, note that T I  , since  is uniquely determined byG
0  Ž . G . Now, by 3, Proposition 3.2 a , the map   is a bijection of
Ž  0. Ž  0. TI T  onto I G  . Moreover, the map   is a bijection of   
Ž  0. Ž  0. Ž .I S  onto I T  by Proposition 3.8 b . It follows that the map   
G Ž  0. Ž  0.  is a bijection of I S  onto I G  , as claimed.   
Ž . Ž .c This follows from Proposition 3.8 c and Lemma 3.4.
Ž . Ž .d This is a consequence of Proposition 3.8 d and Lemma 3.5.
Finally, we are ready to prove the main theorem of this section.
Ž .Proof of Theorem 3.1. Let W,  be a nucleus for , and let S
ŽŽ .. Ž .N W,  . Since  is  -special and S stabilizes W,  , Theorem 3.1 inT
 4 says that the quotient group SW has a central extension U by a
Ž  . -subgroup Z, a linear character  of Z, and bijections  of Irr S 
Ž  . 0 Ž  . Ž  . Ž .onto Irr U  and  of I S  onto I U  . By Lemma 3.6 a , we  0  
have T SW. Therefore, U is a central extension of T by Z.
Ž  . Ž  .Next, by Theorem 3.2, there exist bijections  of Irr G  onto Irr S 
0 Ž  0. Ž  0.and  of I G  onto I S  . It follows that  is a   
Ž  . Ž  . 0 0 0bijection of Irr G  onto Irr U  and    is a bijection of
Ž  0. Ž  .I G  onto I U  .   
Ž . Ž .  Ž . Ž .Now, a follows from Theorem 3.2 c and 4, Theorem 3.1 b and b is
Ž .  Ž .a consequence of Theorem 3.2 d and 4, Theorem 3.1 c . The proof of the
theorem is now complete.
4. DEFECT GROUPS
We fix throughout this section a -separable group G, a normal sub-
Ž . Ž .group N of G, a character  B N with T I  , and a nucleus  G
Ž . ŽŽ ..W,  for  with SN W,  .T
Ž  . Ž  .Let B Bl G  and let B  Bl T  be the relative -block 0 
Ž  .corresponding to B via Lemma 3.5. Further, let b Bl S  be the
Žrelative -block corresponding to B via Proposition 3.8. Note that0
 G  4 .B 
 
 b by Theorem 3.2.
First, we define the ‘‘defect groups’’ of B to be the T-conjugates of0
Ž  some defect group D of b. See Section 4 in 4 for the definition of defect
.groups of b. This definition of defect groups of B does not depend on0
the choice of D since any other defect group D of b is S-conjugate to D.
It remains to show that this definition does not depend on the choice of
the nucleus for .
Ž . Ž . Ž n n.Now, if W ,   is another nucleus for , then W ,    W ,  for
n ŽŽ .. n  n  4some nN. It follows that S N W ,   and that b  
 
 b isT
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Ž n  .the relative -block in Bl S   corresponding to B through Proposi- 0
 tion 3.8. By the definition of defect groups in 4 , one can easily see that
Dn is a defect group of bn. This shows that the definition of defect groups
for B is independent of the choice of the nucleus for .0
Finally, we define the ‘‘defect groups’’ of B to be the G-conjugates of
any defect group of B . Since B determines  uniquely up to G-con-0
jugacy, this definition does not depend on the choice of . Note that the
defect groups of B form a single G-conjugacy class.
Ž . Ž .In the situation where  is  -special, we have W,   N,  and so
S T and bB . This shows that the present definition of defect groups0
 agrees with the one given in 4 .
Our first fact about defect groups is the following useful observation.
Ž . Ž  .4.1 PROPOSITION. Let B Bl G  and let D be a defect group of
B such that D	 S. Then D
ND
W.
Ž .Proof. By Lemma 3.6 a , we have S
NW. Hence, D
ND

S
ND
W, as claimed.
Theorem 3.1 says that there exist a central extension U of T TN by
a  -subgroup Z of U, a linear character  of Z, and a bijection  of
Ž  . Ž  . Ž .Irr G  onto Irr U  such that the correspondence B  B is a
Ž  .bijection of Bl G  onto the set of Slattery’s -blocks of U over  . In
the proof of that theorem, we took for U a central extension of SW
   according to 4, Theorem 3.1 . By 4, Theorem 4.2 , U can be chosen so
Ž  .that for any b Bl S  , if D is some defect group of b, then DD
W
ˆ ˆ ˆD, for a defect group D of the -block b of U over  , corresponding to
Ž .  b via Theorem 3.1 c in 4 . With such a choice for U, the defect groups of
Ž  . Ž .any relative -block B Bl G  and those of  B are closely re-
lated, as the following result shows.
Ž .4.2 THEOREM. The central extension U of Theorem 3.1 can be chosen so
ˆŽ  .that for any B Bl G  , if D is a defect group of B, then DD
ND
ˆ Ž .for a defect group D of  B .
Proof. By the preceding discussion, there exists a central extension U
Ž  .of TN such that for any B Bl G  , if b is the relative -block of S
Ž . Ž .with respect to W,  corresponding to B via Theorem 3.2 d and D is a
ˆ ˆdefect group of b, then DD
WD for a defect group D of
ˆ Ž .b  B .
By the definition of defect groups, D is a defect group of B. Since
D	 S, we have D
WD
N by Proposition 4.1, and hence DD
ˆ
ND. Now, if D is any defect group of B, then D is G-conjugate to
ˆD and it follows that DD
ND, as NG. This finishes the proof of
the theorem.
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 Our next result generalizes 4, Theorem 4.4 .
Ž . Ž  .4.3 THEOREM. Let B Bl G  . Then, there exist a subgroup V
of G and an irreducible character  of V satisfying  G   and such that a
Hall -subgroup Q of V is contained in some defect group of B.
Ž .Proof. Let b be the relative -block of S with respect to W, 
Ž . Gcorresponding to B via Theorem 3.2 d . Then,  
 for some 
 b.
 Since  is  -special, Theorem 4.4 in 4 says that there exist a subgroup V
Ž . Sof S and a character  Irr V satisfying   
 and such that a Hall
-subgroup Q of V is contained in some defect group D of b. The result
is now immediate as  G  
 G   and D is a defect group of B.
An important corollary of Theorem 4.3 is the following generalization of
 4, Theorem 4.5 . The proof in the present situation is similar to the one
 presented in 4 , and there is no harm in repeating the argument here for
the reader’s convenience.
Ž . Ž  .4.4 THEOREM. Let B Bl G  haing D as a defect group, and let
B. Then, for any xG, if x is not G-conjugate to any element of D we
Ž .hae  x  0.
Proof. By Theorem 4.3, we can find a subgroup V of G and an
irreducible character  of V satisfying  G   and such that a Hall
-subgroup Q of V is contained in some G-conjugate of D.
If xG is such that x is not G-conjugate to any element of D, then
x is not conjugate to any element of Q and so x is not conjugate to any
Ž .element of V. It follows that  x  0, as  is induced from V.
 In 4 , we have defined relative heights of characters in relative -blocks
when  is  -special. We extend that concept here in the case where  is
Ž .any character in B N . 
Ž . Ž  .4.5 DEFINITION. Let B Bl G  with D as a defect group. For
B, define
  1 DŽ .
h   .Ž .  G 
  Ž . ŽFollowing 4 , we call the number h  the relatie height of  with
Ž ..respect to N,  . When  is  -special, this definition obviously agrees
 with 4, Definition 4.6 .
Ž  .Now, let B Bl G  and let b be the relative -block of S with
Ž . Ž .respect to W,  corresponding to B through Theorem 3.2 d . By the
definition of defect groups, any defect group D of b is also a defect group
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Ž  .for B. Next, if B, we let 
 be the unique character in Irr S  such
that 
 G   . By Theorem 3.2, it is clear that 
 b. Now,
        1 D 
 1 G : S D 
 1 DŽ . Ž . Ž .  
h      h 
 .Ž . Ž .      G G S  
So, we have shown
Ž . Ž  .4.6 PROPOSITION. Let B Bl G  and let b be the relatie
Ž . Ž .-block of S with respect to W,  corresponding to B ia Theorem 3.2 d .
G Ž . Ž .If 
 is the character of b such that 
   , we hae h   h 
 . 
 In the case  is  -special, we observed in 4 that relative heights are
positive integers. Now, Proposition 4.6 says that relative heights must be
Ž .positive integers when  is any character in B N . 
We next define relative height-0 characters in the same way we did in
 4 .
Ž . Ž  .4.7 DEFINITION. Let B Bl G  . A character B is said to be
Ž .of relatie height 0 in B if h   1.
 This definition clearly agrees with 4, Definition 4.8 , when  is  -spe-
cial.
Now, the following result is a consequence of Proposition 4.6, Theorem
 3.2, and 4, Theorem 4.9 .
Ž .4.8 THEOREM. There exists a relatie-height-0 character in each relatie
Ž .-block of G with respect to N,  .
The last result in this section is the proof of a version of Brauer’s
height-0 conjecture for relative -blocks of -separable groups in the
present generality.
Ž . Ž  .4.9 THEOREM. Let B Bl G  with D as a defect group. Then
DD
N is abelian if and only if each character in B is of relatie height 0.
Ž .Proof. Let b be the relative -block of S with respect to W, 
Ž .corresponding to B according to Theorem 3.2 d , and let D be a defect
group of b. Then, D is a defect group of B and, by Proposition 4.1,
 DD
NDD
W. Next, by 4, Theorem 4.10 , DD
W is
abelian if and only if each character in b is of relative height 0. It follows
by Proposition 4.6 that DD
N is abelian if and only if each character
in B is of relative height 0. Now, since D is G-conjugate to D, we have
DD
NDD
N and the theorem is proved.
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